. The condition of discreteness implies that either λ = 2 cos(π/q) with q = 3, 4, . . . , or λ ≥ 2. This is the class of discrete groups for which Hecke [14] considered the relation between Dirichlet series and automorphic forms; see also [15] . In [19] and [20] , Maass extends Hecke's theory to real analytic automorphic forms.
This paper concerns the case λ < 2 only, hence λ = 2 cos(π/q). Notation: G q = G(2 cos π/q). It is well known that G 3 = SL 2 (Z), the modular group. Conjugates of the Hecke groups G 4 and G 6 are commensurable to G 3 . The other G q are incommensurable to conjugates of G 3 and of each other; see [18] . These G q are called non-arithmetical as subgroups of SL 2 (R). if u = 0, ((u + n)) for all n ∈ Z.
In [24] , Rademacher uses this expression as the definition.
Goldstein has generalized Dedekind's approach to general cofinite discrete subgroups of SL 2 (R); see [11] [12] [13] . This can be applied to the G q and gives a number T (c, d) ∈ Q(λ) for each (c, d) that occurs as the lower row of an element of G q , and satisfies 
R e m a r k s. The first distribution result states that the majority of the T (c, d)/c are concentrated near zero, and that the distribution is uniform with respect to (a/c, d/c). The quadratic factor in the test functions that occur in the second distribution result masks this majority near zero. The minority staying away from 0 turns out to be concentrated near a set of limit points.
In [8] , §3, I have stated these results for the modular case q = 3. I have proved two-dimensional versions of these results (without the dependence on a/c) in [5] , for the modular case only.
The proof, in Sections 5-7, will go along the same lines as in [5] ; it takes some more work to include the dependence on a/c. The proof uses the meromorphic continuation of Eisenstein and Poincaré series in spectral parameter and weight jointly. This continuation is given in [2] , [3] for the modular case. The results we need can be obtained in exactly the same way for the G q as for G 3 . Full proofs one finds in [9] , in a much wider context.
These continuation results can be extended to G(2), the theta group, but are more complicated, due to the presence of two cusps instead of one. I think that one can get distribution results for Dedekind sums associated with G(2) as well, but they will be more complicated. For G(λ) with λ > 2 I do not know what would be the right concept of Dedekind sum. These discrete groups have a fundamental domain with infinite area. This explains the use of periodic test functions. Let P be the plane {(ξ, η, 0) : ξ, η ∈ R} in R 3 , and let
From the distribution results it follows that all points of P ∪ L are limit points of β(G 0 q ). In Proposition 1.9 we shall see that there are no more limit points. Figures 1 and 2 give illustrations for Proposition 1.5; they are discussed in Section 2. In these figures the elements of L seem to be approached by lines of points. The next result describes this feature. 
For the first and second coordinate a computation suffices. For the last coordinate use (3.1).
R e m a r k s. Elements of β(G 0 q ) approach the points in L along approximately straight lines. The proposition does not say that there are no other elements of β(G 0 q ) near points of L. D. Zagier pointed out this result for the modular case. He also suggested to look whether β(G 0 q ) is discrete outside L ∪ P. Proposition 1.5 gives a density result only.
For X > 0, put
with c(M ) the left lower entry of the matrix M . Each A ± (p, X) is an end part of a "line" of points in β(G 0 q ) approaching p. The freedom in the choice of the γ j can be absorbed in a translation of r.
For any p = (x 1 , x 2 , x 3 ) ∈ R 3 we define the ε-neighborhood U ε (p) by
1.9. Proposition. For each p = (ξ, η, σ) ∈ R 3 with σ = 0, there are ε > 0 and X > 1 such that
R e m a r k. In [6] I have discussed the results of Propositions 1.7 and 1.9 for the modular case, without the a/c-coordinate. The proofs are based on the recursive relations defining the Dedekind sums. If one looks at the distribution results in the modular case, it seems that the set of limit points has a very arithmetical structure. It has surprised me that these results can be carried over to all Hecke groups G q .
In [21] , and in Proposition 13.6.2 of [9] , the method of this paper leads to distribution results for other quantities.
One finds other distribution results for the classical Dedekind sums (q = 3) in [26] and [7] . The methods are quite different from those in this paper. Extension of the results in [7] to the distribution of (a/c, d/c, S(d, c)), and to the Hecke groups G q might be possible. That extension is not the aim of this paper.
Figures.
The distribution results ask to be illustrated. In this section, we look mainly at the case q = 5.
It is difficult to get the three-dimensional structure in a picture. Here we are content to consider the distribution of (d/c, T (c, d)/c). In Figures  1 and 2 we have given for q = 3 and q = 5 a plot of (d/c, T (c, d)/c) with (d, c) occurring as the lower row of an element in G q , with the additional conditions 1 ≤ c < 1000, −λc/2 < d ≤ λc/2.
In both figures we see limit points being approached along lines. The horizontal black strip is the majority of points with T (c, d)/c approximately zero. We shall see in 2.4 that the gaps are due to the truncation c < 1000.
The figures suggest a selfsimilarity of the distribution. This is explained by a partial action of G q /{±I} in R 3 that leaves β(G 0 q ) approximately invariant; see 4.6. Figure 2 . We take a closer look at Figure 2 . The matrix elements of G 5 are in Z + Zλ, with λ = 1 2
2.1.
(1 + √ 5). The seven positive values of c smaller than 6.0 are 1, λ ≈ 1.62, 2λ ≈ 3.24, λ + 2 ≈ 3.62, 2λ + 1 ≈ 4.24, 3λ ≈ 4.85, and 2 + 2λ ≈ 5.24. For the corresponding matrices in G 5 that occur in the distribution results we have listed the values of Φ and T in Table 1 . Table 1 . Values of Φ and T for the first few (c, d) for G 5 Table 2 . Note that for c 1 = λ + 2 both values of d 1 give the same direction. Table 2 . Direction of approach to some limit points for G 5 (compare Figure 2 )
In Figure 2 we have the union of two fundamental domains for the group generated by T 1 and j. In 4.6 we shall see that
Consider, for instance, (η, σ) = (λ − 1 + δ, σ) with δ small. This means that (η, σ) is in the vertical strip near the large gap left from the center in Figure 2 .
The composition T 1 • W sends (η, σ) to
So the vertical strip near η = λ − 1 is mapped to the vertical strip near η = 0. (Imagine Figure 2 horizontally extended with period λ.) In the vertical direction there is a scaling with factor λ ≈ 1.62, in the horizontal direction the factor is λ 2 ≈ 2.62. This process can be extended to find everywhere approximate copies of the vertical strip near η = 0. In Figure 3 a small part of Figure 2 has been enlarged.
Truncation effect.
The presence of gaps in the black band around the horizontal axis in Figure 2 is a truncation effect. We consider it for 0 < η < 1/5. The symmetry (η, σ) → (−η, −σ) and the reasoning that leads to the selfsimilarity explain the other gaps. − β 5 η. This curve is approximately a piece of a hyperbola; it moves down with increasing N .
3. Hecke groups and the associated Dedekind sums. We apply Goldstein's definition of Dedekind sums to the Hecke groups G q . This method yields a generalization of the eta function of Dedekind from a study of the Eisenstein series in weight zero.
3.1. Fundamental domain. Hecke [15] gives a fundamental domain for G q . It is the region {z ∈ H : Re z ≤ λ/2, |z| ≥ 1} in the upper half plane H = {z ∈ C : Im z > 0}. It has area π(q − 2)/q. We see that G q has only one cusp.
This fundamental domain is symmetric under reflection in the imaginary axis. This corresponds to the (outer) automorphism j of G q given by the conjugation
which sends both generators to their inverses.
3.2.
Automorphic forms. A function f : H → C has automorphic transformation behavior of weight r for G q if it satisfies
for some map v : G q → C * , called the multiplier system of f . The argument takes values in (−π, π]. Consider z → y −r/2 f (z) to get the well known transformation behavior of holomorphic automorphic forms.
To allow non-zero functions f with this behavior, the multiplier system has to satisfy some relations; it is determined by the weight and its values on generators of G q .
A function f with automorphic transformation behavior of weight r is a (real analytic) automorphic form if it satisfies
x + ir∂ x )f = βf for some β ∈ C, the eigenvalue, and a growth condition at the cusp to be discussed later on. (Here and elsewhere we use Re z = x and Im z = y as real coordinates on H.) This definition is equivalent to Maass' definition in [19] .
3.3. Eisenstein series. Examples of automorphic forms are provided by the Eisenstein series
, where G ∞ q is the subgroup of G q generated by , and
The discreteness of G q in SL 2 (R) implies that any element 
B denotes the set of (c, d) occurring as the lower row of elements of G q , with the additional conditions c > 0, −λc/2 < d ≤ λc/2. The Dirichlet series ϕ 0 n (s) converge absolutely for Re s > 1/2. In the modular case, q = 3, we have ϕ 0 0 (s) = ζ(2s)/ζ(2s + 1) and ϕ 0 n (s) = σ −2s (|n|)/ζ(2s + 1) for n = 0. In [16] , Ch. VI, Theorems 11.6 and 11.8, on p. 128-130, one sees that e, and hence the ϕ 0 n as well, have a meromorphic continuation to s ∈ C. As e is the unique family of automorphic forms with a Fourier expansion as indicated, it has a functional equation for s → −s. The right-most pole of e is at s = 1/2. It is a first order pole, its residue is the constant function with value 1/(area of G q \H) = q/(π(q − 2)). Further poles in Re s ≥ 0 can occur only at points of (0, 1/2). has its lower row in B. The whole set B, and hence C as well, can be found recursively:
it is clear that we can recover B from B + . Consider the map ψ :
This corresponds to the following transitions in G q :
we have left the domain B + ; remember that C is discrete. Thus we end up at the element (1, 0). By backtracking ψ departing from (1, 0), we can construct the whole of B + .
3.6. Generalized eta function. Now I review, for G q , Goldstein's introduction of generalized Dedekind sums; see [11] [12] [13] .
The residue of e at s=1/2 is the constant function with value q/(π(q−2)). Hence the ϕ 0 n with n = 0 are holomorphic at s = 1/2, and
Furthermore, e(s; −z) = e(s; z),
It can be written as
where l is the holomorphic function on H given by
For q = 3 we get l(z) = log η(z), the logarithm of the Dedekind eta function.
∈ Γ . The equality h(γ · z) = h(z) may be expressed in terms of l(z) and l(z). Bring all holomorphic terms to one side of the equality, and the antiholomorphic terms to the other side. Then both sides have to be equal to the same constant. This yields
with C(γ) a real constant. One easily sees that l(z + λ) = l(z) + πi(q − 2)/(4q). For c = 0 we write the transformation formula as
We write Φ q if the dependence on q has to be emphasized. 3.7. Alternatives. There are Eisenstein series for each even weight. For non-zero weight the meromorphic extension is holomorphic at s = 1/2. Take the value e 2 (1/2) of the Eisenstein series in weight 2. It can be expressed in terms of l ′ . One can define Φ in terms of periods of the differential form associated with e 2 (1/2). In the case of hyperbolic elements in the modular group (q = 3) the resulting formula is equivalent to (5.28) in [1] . Atiyah derives this description from geometric considerations concerning the bundle of elliptic curves above G 3 \H. I do not know whether this approach can be generalized to general Hecke groups G q .
If one wants to avoid automorphic forms, one may consider the central extension 0 → Z → G q → G q → 1 where G q is the full original of G q in the universal covering group SL 2 (R) of SL 2 (R). It turns out that the group homomorphisms G q → R form a vector space of dimension 1. Let α be a basis element. If one takes an obvious section σ : SL 2 (R) → SL 2 (R) and tries to evaluate α • σ in terms of the matrix elements of elements of G q one ends up with an expression containing Φ. In another language one can formulate this as "Φ is needed to describe the connected component of the group of multiplier systems for G q "; see 3.11. To check this consult [23] .
3.8. Dedekind sums. Consider the transformation formula for l(γ · z) and for l(λ + γ · z). That gives
Hence the quantity
does not depend on a and b. In this definition of the generalized Dedekind "sum" T (c, d) for all lower rows (c, d) occurring in G q there is the freedom of a multiplicative factor. The present choice seems a sensible one; λ times it might be as good.
From the transformation formula one obtains more properties of Φ and T (see the table below); we take γ = ∈ G q with c = 0. These relations imply that Φ has integral values.
To prove (2), take z = i in the transformation formula. For (4) use l(z) = l(−z). For (5) apply the transformation formula to γ −1 · γ · z; after that use (1) and (4) . Formula (6) is the reciprocity law. Take z = −1/z = i, and apply the transformation formula in two ways to get
This implies
Now use (4).
3.9. Three Dedekind sums.
, with γ 1 γ 2 = ±γ 3 , we apply the transformation formula to l(γ 3 ·z) = l(γ 1 γ 2 ·z) to find
This result is needed to complete the proof of Proposition 1.7.
3.10. Estimate.
It suffices to show that |T (c, d)| ≤ βc for all (c, d) ∈ B 0 , for some β > 0. We shall get β = 3q/(2 − λ).
Of course we apply induction on the size of c. As T (1, 0) = 0, the start is no problem. Consider (c, d) ∈ B
+ . If we can show that the right hand side in the reciprocity law satisfies |RHS| ≤ αc for some positive α, then we get by induction |T (c, d)| ≤ βd + αc ≤ (λβ/2 + α)c, and
We use the fact that 1 is the minimal element of C, and hence 1 ≤ d ≤ λc/2. We get
and
This leads to α = 3q/2 and β = 3q/(2 − λ).
3.11. Multiplier systems. Let r ∈ C. The function η r (z) = e 2rl(z) is a holomorphic function on H, and satisfies, for each γ ∈ G q ,
where v r is the multiplier system that satisfies
if c > 0. The logarithm of cz + d is taken with respect to the argument convention −π < arg(cz + d) ≤ π. We see that z → y r/2 η r (z) has automorphic transformation behavior of weight r. The function z → y r/2 η r (z) is an automorphic form of weight r, with eigenvalue r 2 1 − r 2 for the multiplier system v r . All other multiplier systems for weight r are of the form χ · v r , with χ a character of G q /{±I}. In the modular case all possible characters of G 3 /{±I} are of the form v n with n ∈ 2Z. For general G q , the description of all characters is slightly more complicated. ∈ G q for all q ≥ 3, we get for q = 2k the conjugate group
. From a computation of the areas of fundamental domains it follows that ∆ 2k has index 2 in G 2k . As
The fact that G 2k is conjugate to well known congruence subgroups of the modular group leads to an explicit description of l 2k . It suffices to exhibit a holomorphic function m on H with the same transformation behavior under the generators of G 2k as that of l 2k , and such that
these conditions. This implies for
and for
4. The structure of β(G 0 q ). In this section we prove Proposition 1.9. To do that we prove Lemma 4.1 below. Proposition 1.7 implies that the other inclusion in Proposition 1.9 can be arranged by adapting X.
Remember that P ⊂ R 3 is the plane {(ξ, η, σ) : σ = 0}, and that L is the set of limit points (a 1 /c 1 , d 2 /c 2 , ±(q − 2)/c 1 c 2 ), with
We use A ± (p, X) and U ε (p) as defined in 1.8.
4.1.
Lemma. For each p = (ξ, η, σ) ∈ R 3 with ∓σ > 0, there are ε > 0 and X > 1 such that the set
and is empty otherwise. q with β(γ) ∈ U ε (p), c > X, and with ε > 0 and X > 1 to be fixed later, we obtain from the reciprocity law
We conclude
If α > 0, we can choose ε and X such that γ as above cannot be found. Then the set in Lemma 4.1 is empty, and we are done.
If α = 0 we know that σ = ∓(q − 2)/(λc 1
As the set of ∓b/c 1 with c 1 fixed and
± (p, X).
4.5.
Translation. Consider the maps T n : (ξ, η, σ) → (ξ, η + nλ, σ) in R 3 . As
the statement of Lemma 4.1 is true for all T n p, if it holds for one of them. We can use the same ε and X.
. This is an involution in {(ξ, η, σ) ∈ R 3 : η = 0}. Remark that T 1 and W generate a partial action of G q /{±I} in R 
If d/c is near η = 0, then 1/d = O η (1/c), and
4.7.
Lemma. If the statement in Lemma 4.1 holds for p = (ξ, η, σ), with η = 0, ∓σ > 0, then it holds for W p.
q with c > X and β(γ) ∈ U ε (W p), with ε > 0 and X > 1 to be specified later on. Equation (4.
We have arranged ε and X so that
4.8. Induction. We start with p = (ξ, η, σ), σ = 0. If η = 0 or |σ| > β q , the proof of the statement in Lemma 4.1 is given in Lemma 4.4 or in 4.3. Otherwise we reduce the proof to that for another p 1 by 4.5 and Lemma 4.7: take n ∈ Z such that η 1 = η + nl ∈ (−λ/2, λ/2], and put p 1 = W T n p = (ξ, −1/η 1 , σ/|η 1 |). As |σ/η 1 | ≥ 2|σ|/λ, iteration of this process will bring us into the reach of 4.3, unless η becomes 0 at a certain stage; then Lemma 4.4 can be applied.
Poincaré series.
To prove the distribution results we shall use the fact that Dedekind sums describe multiplier systems of automorphic forms.
In this section we consider Poincaré series in their domain of convergence, and describe their Fourier coefficients.
5.1. Automorphic forms.We restrict our attention to automorphic forms of weight r, eigenvalue 1/4 − s 2 and multiplier system v r (see 3.11). For Re s ≥ 0 and |Re r| < 4q/(q − 2) we impose a growth condition at the cusp by prescribing a Fourier series of a special form. Let f satisfy the conditions in 3.2, with β = 1/4−s 2 . The transformation behavior f (z+λ) = e πir(q−2)/(2q) f (z) implies that f has a Fourier series expansion f (λz) = n f n (z), where n ≡ (q − 2)r/(4q) mod 1, and f n (x + iy) = e 2πinx f n (iy). The functions y → f n (iy) satisfy second order linear differential equations that depend on n and s. It is not possible to give a basis of the solution space that is useful for all (r, s). But for Re n = 0 a one-dimensional subspace of solutions stands out by an exponentially decreasing behavior at infinity; it is spanned by ω n (r, s; z) = e 2πinx W ±r/2,s (±4πny) for ± Re n > 0.
For the Whittaker function W ·,· see, e.g., [25] , 1.7.
The growth condition we impose on automorphic forms is: f n is a multiple of ω n (r, s) for all but a finite number of n. This growth condition allows exponential growth at the cusp. Usually one allows only polynomial growth.
The basis element ω
n (r, s; z) is holomorphic in (r, s); here and in the sequel we tacitly assume that n varies with r such that n−(q−2)r/(4q) stays constant (with an integral value). The following basis element µ n (r, s) is meromorphic in (r, s), with its singularities at the lines s = −l/2, l ∈ N:
It is characterized by its behavior µ n (r, s; iy) ∼ y s+1/2 for y ↓ 0. For general values of (r, s) it increases exponentially as y → ∞. Note that µ 0 (0, s; z) = y s+1/2 , occurring in the Fourier expansion of the Eisenstein series in 3.4.
For general values of (r, s) the functions ω n (r, s) and µ n (r, s) span the space of possible Fourier terms of order n. (One may also use Proposition 5.2.9 in [9] . Then one should note that the roles of n and m have been reversed, and that the factor λ −1−2s has been moved.) ∈ G q with −lc/2 < a ≤ λc/2. The map γ → j(γ −1 ) induces an involution in B that gives the symmetry.
Dirichlet series with Dedekind sums.
In the remainder of this section we relate the ϕ µ ν to the following series:
with ν, µ, k ∈ Z, k ≥ 0. In view of the estimate in (3.2) this converges absolutely and defines a holomorphic function for Re w > 2. The choice of a in a c · d
∈ G q for a given (c, d) ∈ B does not matter in this definition.
5.6. Proposition. Let ν, µ ∈ Z, l ∈ N, l ≥ 2. For fixed s ∈ C with σ = Re s ∈ (l/2, (l + 1)/2), we have
as r ↓ 0, with
R e m a r k. This result extends Lemma 3.7 in [5] . There q = 3 and µ = 0; as β h p,k (ν, 0, s) = 0 for k + p > h, the sum expressing ϕ 0 ν in the ∆ k is finite if µ = 0. In this sense the dependence on a/c makes the proof of the distribution results more difficult than that in loc. cit.
The proof is given in the remainder of this section.
5.7.
Splitting up the Bessel functions. In the sequel m and n vary with r, whereas µ and ν stay fixed. The sign η of
does not change for small positive r. Put J The multiplier factor and the exponential in the series for ϕ µ ν (r, s) have absolute value one. We can interchange the order of summation with respect to (c, d) and p. This gives
The dependence of α p on r is hidden in m and n.
R e m a r k. For q = 3 this is easy.
P r o o f o f L e m m a 5.8. We use the fact that ϕ 0 0 (0, s) has a meromorphic extension to s ∈ C, with as right-most singularity a first order pole at s = 1/2 with residue qλ 2 /(π 2 (q − 2)). For Re s > 1/2 it is given by a Dirichlet series with positive coefficients. The Ikehara Tauberian theorem (see, e.g., [27] , Ch. V, §17, or [17] , Ch. XV, §2, 3) implies that
By partial summation this implies the statements in the lemma.
Taylor expansion. For Re
The constant implied in O does not depend on the choice of u, provided Re u ≥ σ. This corresponds to Lemma 3.6 in [5] , and is obtained in the same way: The terms with c ≥ r In the other terms we go over from c < 1/r to all c; the difference is again O(r 2σ−1 ).
The final sum. We insert the expansion in (5.2) into
, and s still fixed, the series
converges absolutely, uniformly for r in a neighborhood of 0. It defines a holomorphic function of r. We replace it by its expansion up to O(r l ), and get
with β h p,k as in Proposition 5.6.
Meromorphic continuation.
It is well known that Eisenstein and Poincaré series have a meromorphic continuation in the spectral parameter s, and satisfy a functional equation. The case of weight 0 may be found in [22] . In [2, 3, 4] the meromorphic continuation in (r, s) jointly has been studied. These papers treat the modular case, q = 3. Extension to all G q is straightforward for the results in [2, 3] , and for part of the results in [4] . Here we need only results that extend easily from G 3 to G q . Theorem 10.2.1 in [9] gives these results in a more general context. (To obtain the results in 6.1 one takes the cell of continuation J equal to the null cell J(0).)
Our aim is to obtain the meromorphic continuation of the ∆ k , and information concerning the right-most singularity.
6.1. Meromorphic continuation in two parameters. Proposition 2.19 in [3] , generalized to G q , gives:
Let µ ∈ Z. There are a neighborhood U of 0 in C, containing −4q q−2 , 4q q−2 , and a meromorphic family E ν of automorphic forms on U × C that is uniquely determined by the following conditions:
µ is holomorphic it is an automorphic form of weight r, with eigenvalue 1/4− s 2 and multiplier system v r .
as an identity of meromorphic functions. We understand the quantities m = µ + (q − 2)r/(4q) and n = ν + (q − 2)r/(4q) to vary with r; by n 0 we mean (q − 2)r/(4q).
The characterization of E µ by the form of its Fourier series expansion implies various functional equations. Here we shall use the following ones: [3] , or application of part (ii) of Theorem 10.2.1 in [9] , implies:
The family s → E µ (0, s) exists as a meromorphic family of automorphic forms of weight 0. It is holomorphic on Re s > 1/2, and is given by the Poincaré series p µ (0, s) for Re s > 1/2.
The existence of the restriction s → E µ (0, s) is not trivial, as E µ might have had a singularity along the line r = 0. The holomorphy at s = s 0 of this restriction need not imply the holomorphy of E µ at (0, s 0 ); see 6.7. 
Each Ψ µ ν has a meromorphic restriction to the line r = 0; on Re s > 1/2 it is holomorphic with value ϕ µ ν (0, s). 6.3. Derivatives. For each integral h ≥ 0 the function
is meromorphic on C. Of course, ψ µ ν (0; s) is just the restriction s → Ψ µ ν (0, s). 6.4. Poincaré series of positive weight. Let U + = {r ∈ U : Re u > 0}. On U + × C there is no reason not to use the basis µ n 0 (r, s), ω n 0 (r, s) for the Fourier terms of order n 0 = (q − 2)r/(4q). In Proposition 2.20 of [3] the µ ν are combined to form meromorphic families P µ on U + × C that have a Fourier expansion with a simple form with respect to the latter basis. (One may also apply Theorem 10.2.1 in [9] with J equal to a minimal cell of continuation, and consult the discussion in 10.3.2 of [9] .) To make this explicit we need
for which ω n 0 (r, s) = v(r, s)µ n 0 (r, s) + v(r, −s)µ n 0 (r, −s). It turns out that
It has a Fourier expansion
Proposition 2.23 in [5] can be generalized to state that P µ is holomorphic at (r, s) if 0 < r < (q − 2)/(4q) and Re s > 1/2, with value p m (r, s). Let us fix such an s, and put σ = Re s. We want to consider the behavior for r ↓ 0 of Ψ r, s) . We find the first l of them in Proposition 5.6. This can be done for a dense set of points s in the strip l/2 < Re s < (l + 1)/2. We obtain an identity between meromorphic functions that extends to the region on which both sides are defined:
6.6. Lemma. Let µ, ν ∈ Z, and h ∈ N ∪ {0}. The meromorphic function ψ µ ν (h) is holomorphic for Re s > (h + 1)/2, and satisfies on this region
with β h p,k as in Proposition 5.6. 6.7. Singularities at half-integral points. Now we turn to the generalization of Proposition 7.19 in [3] . It describes the behavior of the E µ at points (0, s) with Re s > 1/2.
Singularities of such Poincaré families at points (0, s) with Re s ≥ 0 generally arise from two causes. The first cause are spectral features: if the Laplacian on H has square integrable eigenfunctions on G q \H with eigenvalue 1/4 − s 2 with non-vanishing Fourier coefficient of order µ, then E µ may have a singularity at (0, s). In weight zero all such eigenvalues are in [0, ∞); so for Re s > 1/2 this possibility is of no concern. The other main cause for singularities is more trivial. The families E µ are determined by a prescribed form of the Fourier coefficients with respect to a fixed basis of the space of possible Fourier terms. If the functions used fail to be a basis at some point, trouble is to be expected. In the present case this occurs at points (0, l/2), l ∈ N, due to the singularity of µ n 0 (r, −s) at these points. If we look at the restriction to the line r = 0 this is not visible, as µ n 0 (0, −s; z) = y −s+1/2 . To describe the resulting singularity one goes over to another basis of the Fourier terms of order n 0 . Take a meromorphic function w l such that µ n 0 (r, s) and l ν(r, s) = µ n 0 (r, −s) + w l (r, s)µ n 0 (r, s) form a basis suitable for all points near (0, l/2). For all other Fourier terms the old basis is all right. Define linear combinations l E µ of the E's with a simple Fourier expansion with respect to the new basis. These l E µ behave nicely at (0, l/2). In [3] I used
at present I prefer
Both can be used to get the following generalization of Proposition 7.19 in [3] :
, with value given by the Poincaré series p
Then l E µ is holomorphic at (0, s 0 ), with value given by p µ (s 0 ). This is a special case of Propositions 12.4.2 and 12.4.3 in [9] . The fact that l E µ has value p µ (l/2) at (0, l/2) is not stated explicitly in [3] ; it follows from the fact that E µ and l E µ have the same restriction to the line r = 0.
This implies that the C µ ν are holomorphic at (0, s) for Re s > 1/2, s ∈ (1/2)Z.
Near points (0, l/2), l ≥ 2, l ∈ N, we have 
vanishes, then ψ 6.10. Case h ≥ 1. In the lemma we fix h, and consider the l ≥ 2, l ∈ N, at which ψ µ ν (h) is singular. In the proof it is more convenient to fix l ∈ N, l ≥ 2, and to consider the h for which ψ µ ν (h) is holomorphic at l/2. This means that we have to prove that ψ µ ν (h) is holomorphic at s = l/2 for 1 ≤ h ≤ l − 1, and also for h = l if l is odd. For even l we have to determine the value at s = l/2 of s → (s − l/2)ψ µ ν (l). We have Ψ 
We treat three cases separately: µ and ν both zero, one of them zero, and both non-zero. The first two cases have been considered in [5] . There I tried to get information on the order of all poles at points between 1/2 and h/2; that made the treatment messy. I repeat the reasoning here, but restrict myself to the right-most singularity. There are meromorphic functions A 2k and holomorphic functions l A h on a neighborhood of s = l/2 such that
To see that I use the version of w l given in (6.2).
, we conclude that the A 2k with 2k < l are holomorphic at s = l/2. If l is even, the singular part of A l at s = l/2 is given by the first term in the expansion of w l . This gives, for even l,
The relation between the A's and the B 0 0 's implies that B 0 0 (2k) is holomorphic at s = l/2 for 2k < l, and that for even l, modulo holomorphic functions at s = l/2:
This gives (α) and (β).
6.12. Case µν = 0, but µ = 0 or ν = 0. We consider the quotient
is non-zero, the function Q is holomorphic at (0, l/2), with value
With A 2k as above this gives
We already know that the function B 
The expansion of w l in (6.4) implies that the r-expansion of R(r, s)/C 0 0 (r, s) starts with r l f (s) + . . . , where, modulo terms holomorphic at s = l/2, 
if l is odd.
7. Dirichlet series with Dedekind sums. The results in the previous sections lead to information concerning the right-most singularity of the Dirichlet series ∆ h (ν, µ, w) defined in (5.1). This will enable us to prove the distribution results in Propositions 1.4 and 1.5.
7.1. Proposition. Let µ, ν, h ∈ Z, h ≥ 0. The function w → ∆ h (ν, µ, w) has a meromorphic extension to C. In the sum the terms with p ≥ 1 satisfy Re(w + 2p + 1 − k) > 3. In the corresponding sum the ∆ k are bounded and the β-factors are holomorphic, hence the sum is holomorphic on Re w > 1. The remaining term with p = k = 0 is also holomorphic on Re w > 1. This gives (ii).
To get (iii) and (iv), suppose that they have been proved for smaller values of h. It suffices to consider the various terms in (7.1) on the region Re w ≥ ε, for an arbitrary ε ∈ (0, 1). The subsum with p ≥ 1 satisfies Re(w + 2p + h − k) ≥ 2 + ε, hence it gives a holomorphic contribution. The other terms in the sum have p = 0 and k = 0, . . . , h − 1. For these Re(w + 2p + h − k) ≥ 1 + ε. . Lemma 6.8 shows that it is holomorphic on Re w ≥ ε, except if h is even. In that case there may be a singularity at w = 1, with a residue that leads to the formula in (iii).
Proof of the distribution results.
We shall use Proposition 7.1 to prove the distribution results for a suitable class of test functions. A density arguments will give Propositions 1.4 and 1.5 for all continuous functions. For ε > 0 there exists X ε > 1 such that |α(x) − Ax| < εx for all x > X ε .
For X > X ε sufficiently large we have
Thanks. I thank the copy editor of Acta Arithmetica for a number of corrections in this paper.
